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Performance of Popular Turbulence Models for Attached and
Separated Adverse Pressure Gradient Flows

F. R. Menter*
Eloret Institute, Palo Alto, California 94303

The performance of four popular eddy-viscosity turbulence models under adverse pressure gradient condi-
tions is investigated. The Baldwin-Lomax, Johnson-King, Baldwin-Barth, and Wilcox A:-co models have been
implemented into the INS code, which solves the incompressible Reynolds-averaged Navier-Stokes equations.
Results will be shown for the well-known Samuel-Joubert flow and two new flowfields, recently reported by D.
M. Driver. The two new flowfields pose a stronger test of the models than does the Samuel-Joubert flow because
of the more severe retardation of the boundary layer, including separation in one case. A detailed comparison
of the numerical results and the experimental data will be shown.

Introduction

I NCREASING computer capacity and the development of
efficient numerical methods allow the solution of the Rey-

nolds-averaged Navier-Stokes equations for practical aerody-
namic applications. Of crucial importance for the accuracy of
the results is the performance of the turbulence model. With
the increasing complexity of the flows under investigation, the
demand for reliable turbulence models is as high as ever.

Of special importance for engineering applications is the
accurate prediction of adverse pressure gradient flows with
and without separation. It was one of the conclusions of the
AFOSR-HTTM Stanford Conference in 19811 that most of
the turbulence models at that time had significant problems in
predicting even the simplest of these flows. Since then several
new approaches have been proposed,2"4 and some have led to
considerable improvements in aerodynamic predictions.

The importance of these flows is also confirmed by new
experimental investigations. Driver5 recently reported detailed
measurements for two adverse pressure gradient flows. In his
experiment, a turbulent boundary layer develops in the axial
direction along a circular cylinder. Two different pressure
distributions have been produced by diverging wind-tunnel
walls and applying suction at these walls. One of his flow cases
remains attached, whereas the other one is separated.

The availability of new experimental data led to the investi-
gation of the performance of some of the more popular mod-
els under different adverse pressure gradients. The Navier-
Stokes method of Rogers and Kwak,6 which solves the
incompressible Navier-Stokes (INS) equations, has been
adopted for the present study. To put the results into the
context of previous investigations, the well-known flow of
Samuel and Joubert7 was also computed. The results of the
computations will be compared with each other and against
the experimental data.

Turbulence Models
The investigation covers the following range from zero- to

two-equation eddy-viscosity models:
1) Baldwin-Lomax (BL) model (zero-equation model)8

2) Johnson-King (JK) model (half-equation model)9'10

3) Baldwin-Barth (BB) model (one-equation model)3

4) Wilcox model (&-co) (two-equation model).11

All of the models except the BB model are applied in the
latest version proposed by the corresponding authors. For the
BB model the originally proposed model3 gave significantly
better results than the modified formulation.12 It was there-
fore decided to use the original equations.

The BL model is mainly used for reference purposes, since
it is still used in many of the existing Navier-Stokes methods.
The other three models have been chosen because they have
shown promising results so far but have not been compared
extensively with experimental data.

The JK model has led to a considerable improvement of
numerical predictions for transonic airfoil flows. This im-
provement is mainly the result of the solution of an ordinary
differential equation for the maximum turbulent shear stress,
which controls the level of the eddy viscosity in the outer part
of the boundary layer. The formulation for the inner eddy
viscosity has recently been modified by Johnson and Coak-
ley10 in order to account for the small logarithmic region near
the wall in adverse pressure gradient flows.

The BB model has a significant advantage over the BL and
JK models in that no length scale has to be specified. This, in
conjunction with the fact that only one partial differential
equation must be solved, makes the model attractive from a
numerical point of view. Since the model has only recently
been proposed, its performance under complex flow situations
has yet to be assessed.

The A>oj model of Wilcox was chosen for two reasons. First,
it gave superior results for the adverse pressure gradient flows
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Fig. 1 Comparison of computed and measured wall pressure distri-
butions for Samuel-Joubert flow.
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Fig. 2 Comparison of computed and measured wall shear-stress dis-
tributions for Samuel-Joubert flow.
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Fig. 3 Comparison of computed and measured displacement thick-
nesses for Samuel-Joubert flow.

computed by Wilcox11 when compared with other two-equa-
tion models. Second, because of its mathematical simplicity, it
does not need damping functions in the low Reynolds number
region close to the wall, and the co equation has an exact
boundary condition at the wall. Of specific interest is the
behavior of this model in the case of separated flow, since no
detailed comparison with separated flow data has yet been
reported.

A detailed description of all models is given in Ref. 13 and
is therefore not repeated here.

Numerical Method
The computations have been performed with the numerical

method developed by Rogers and Kwak.6 It solves the incom-
pressible, Reynolds-averaged Navier-Stokes equations using
the method of pseudocompressibility. The equations can be
solved in a time-accurate or pseudotime manner. Since the
investigated flows are all steady in the mean quantities, the
second approach was chosen. The convective terms are dis-
cretized with a third-order upwind-difference scheme based on
flux-difference splitting. The resulting algebraic equations are
solved with an implicit line-relaxation scheme.

The partial differential equations (PDE) for the turbulence
quantities have been solved decoupled from the mean flow
equations. At every pseudotime step, the equations for the
mean flow and subsequently the equations for the turbulence
variables have been solved. The convection terms in the turbu-
lence transport equations were discretized with the same third-
order upwind scheme used for the mean flow equations.

The Samuel-Joubert flow was computed with the two-di-
mensional version of the code (INS2D). A grid of 90 x 90
points was used for these computations. Since the A:-co model
is believed to be the most sensitive with regard to the grid
spacing, the computations with this model have been repeated
on a 60 x 60 grid, and only minor changes in the solution
could be found.

The two flowfields of Driver5 have a rotational symmetry
that cannot be accounted for in INS2D. It was therefore
necessary to compute them with the three-dimensional version
of the code (INS3D). However, only three planes had to be
used in the circumferential direction because of the symmetry
conditions. The two side planes were closely spaced around

the middle plane to avoid numerical inaccuracies introduced
by the boundary conditions. Most of the computations have
been performed both on a 60 x 3 x 60 and a 40 x 3 x 80 grid.
The computations with the k -co model have also been repeated
on a 100 x 3 x 100 grid. Again, no significant grid dependence
could be found.

Results and Discussion
The flowfield of Samuel and Joubert is described in detail in

Ref. 7. It is a flat plate boundary-layer flow developing under
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Fig. 4 Comparison of computed and measured velocity profiles for
Samuel-Joubert flow.
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Fig. 5 Comparison of computed and measured shear-stress profiles
for Samuel-Joubert flow.

Fig. 6 Experimental setup for adverse pressure gradient flows for
cases BSO and CSO of Driver.5

an increasingly adverse pressure gradient. The freestream Rey-
nolds number is 1.7 x 106 m"1. The flow is retarded by the
pressure gradient, but it does not separate. For the computa-
tions the experimental wall pressure was specified at the outer
edge of the computational domain. Figure 1 shows that the
computed and the measured wall pressures are almost identi-
cal, which justifies the use of this boundary condition.

Figure 2 shows a comparison of the computed and the
measured wall shear-stress distributions. All models give rea-
sonable results, with the best agreement found for the JK
model. Note that the c/ values for the A:-co model are slightly
higher than those reported by Wilcox.11 This may be due to
slightly different initial conditions. It was found that the re-
sults are rather sensitive to the inlet conditions specified for k.
For the present computations the inflow values of k and co
were chosen to match the experimental shear-stress and turbu-
lent kinetic energy profiles. The velocity profile was also spec-
ified from the experiments.

Figure 3 shows a comparison of the displacement thick-
nesses 6*. The BL model underestimates the displacement
effect, whereas the BB model gives too high values for 6*. This

can also be inferred from the predicted velocity profiles that
are shown for two axial locations in Fig. 4.

A comparison of computed and measured turbulent shear-
stress profiles is shown in Fig. 5. The rapid descent of the
shear stress toward the boundary-layer edge for the BB model
leads to the pronounced curvature of the velocity profiles in
this region seen in Fig. 4. It should be noted that the modifica-
tions introduced in Ref. 12 are designed to increase the diffu-
sion terms to overcome this problem. However, the modified
version leads to velocity profiles (not shown) even fuller than
the one obtained with the BL model and therefore to a severe
underestimation of the displacement effect.

The other two flowfields investigated have recently been
reported by Driver.5 Figure 6 shows a schematic of the exper-
imental setup. A turbulent boundary layer develops in the
axial direction of a circular cylinder. Adverse pressure gradi-
ents can be produced with the help of diverging wind-tunnel
walls and suction applied at these walls. Two different adverse
gradient flows have been studied. The milder pressure increase
of the first case, BSO, leaves the flow attached, whereas the
pressure distribution of the second case, CSO, leads to separa-
tion. Driver reports measurements of wall shear-stress and
wall pressure distributions, mean flow velocity profiles, and
second- and third-order correlations of the fluctuating veloci-
ties. Measurements of the c/ and cp distributions at different
circumferential locations were used to verify the rotational
symmetry of the flow. The inflow Reynolds number for both
flows, based on the diameter D of the cylinder is Re =
2.8 x 105.

The boundary conditions for the computations were speci-
fied as follows. At the inflow boundary the experimental
velocity profile was given. The inflow eddy viscosity was com-
puted from the equilibrium JK model. (For the BL model the
BL eddy viscosity was used.) For the A:-co model the second
inflow condition was k = (- u ' v ')/0.3. At the wall the usual
no-slip conditions were applied. At the outer boundary an
inviscid streamline was specified. The shape of this streamline
was computed from the measured displacement effect of the
boundary layer. Note that this does not mean that the dis-
placement thickness is specified, since the pressure can adjust
freely. At the outflow, zero-gradient conditions were given.
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Fig. 7 Comparison of computed and measured wall pressure distri-
butions for case BSO.
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Fig. 8 Comparison of computed and measured wall shear-stress dis-
tributions for case BSO.
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Fig. 9 Comparison of computed and measured velocity profiles for case BSO.
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Fig. 10 Comparison of computed and measured velocity profiles for case BSO in semilogarithmic scale.
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Fig. 11 Comparison of computed and measured wall pressure distri- Fig. 12 Comparison of computed and measured wall shear-stress
buttons for case CSO. distributions for case CSO.
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Even for the milder case, BSO, the retardation is more severe
than for the Samuel-Joubert flow. The shape factor varies
between 1.3 and 2.0, whereas the variation for the Samuel-
Joubert flow is only between 1.3 and 1.6.

Figures 7 and 8 show the wall pressure and the wall shear-
stress distributions, respectively, for case BSO. The cp distribu-
tion is reproduced with good accuracy by the three nonequi-
librium models. The BL model gives somewhat higher cp
values, which is again an indication that the displacement
effects are underestimated. Note that the wall shear-stress
values have not been measured independently for case BSO but
were obtained from the measured velocity profiles.

Figure 9 shows a comparison of the velocity profiles for this
case. The differences between the profiles are similar to the
ones observed for the Samuel-Joubert flow. The best results
were produced by the JK and the A:-co models. The BL model
fails to predict the retardation in the near-wall region correctly
and therefore produces incorrect profile shapes. The BB

model gives significantly better results than for the Samuel-
Joubert flow. However, some differences appear near the
boundary-layer edge at x/D = 2.177.

Differences in the near-wall region can be seen more clearly
in the logarithmic scale of Fig. 10. It is interesting to note
that all models give similar cf distributions (Fig. 8) in spite of
the large differences of the velocity profiles in the near-wall
region.

The last flow investigated is the case CSO of Driver. A
stronger divergence of the wind-tunnel walls (plus suction at
these walls) leads to a separated flowfield. Figures 11 and 12
show the cp and cf distributions. The strong retardation leads
to larger displacement effects, reflected in a flattening of the
experimental cp distribution. All models underestimate this
effect but do so by different magnitudes. The worst results are
obviously obtained with the BL model. Note that tests with
other equilibrium models, such as the Cebeci-Smith model,
gave similar results.
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Fig. 13 Comparison of computed and measured velocity profiles for case CSO.
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Fig. 14 Comparison of computed and measured velocity profiles for case CSO in semilogarithmic scale.
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Large differences between the models can also be found in
the Cf distributions (for this case the wall shear stress was
measured independently by the oil-film interferometer tech-
nique). The JK model gives values rather close to the experi-
ment. The A:-co model is also rather close but underestimates
the length of the separation zone. The other two models
predict separation too early and extend it too far downstream.

The differences can be seen more clearly in Figs. 13 and 14,
which show the velocity profiles in linear and logarithmic
scales, respectively. The BB model predicts a thin separation
zone and almost no displacement effect. The BB model shows
a behavior similar to that for the Samuel-Joubert flow. It
exaggerates the wake region and gives incorrect profile shapes

close to the wall. The JK model gives the best predictions, with
only a slight underprediction of the amount of retardation.
The k -co model also gives physically correct profile shapes but
underpredicts retardation more than the JK model.

The reason for this can be seen in the turbulent shear-stress
profiles shown in Fig. 15. It was found in all of the computa-
tions with different versions of the JK and the k -co model that
very accurate velocity profiles could be obtained when the
shear-stress profiles near separation were predicted correctly.
The larger the maximum shear stress is in this region, the less
is the displacement effect farther downstream. Since the £-co
model predicts higher shear-stress values than the JK model
does, it underpredicts separation. See also Fig. 16, which
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Fig. 15 Comparison of computed and measured shear-stress profiles for case CSO.
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Fig. 16 Development of the maximum turbulent shear-stress vs x/D
for case CSO.

Fig. 18 Comparison of the wall pressure distribution for the original
and the modified &-u> model (case CSO).
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Fig. 17 Nonequilibrium factor a(x) of the Johnson-King model for
three different flows.
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shear stress vs x/D for the original and the modified A>io model (case
CSO).
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shows the evolution of the maximum turbulent shear-stress vs
x/D. The JK and the £-o> models produce obviously similar
results, with the JK model being closer to the experiments.

The nonequilibrium factor a(x) that appears in the formula-
tion of the outer eddy viscosity in the JK model [Eq. (3) in
Ref. 9] is plotted for all three flows in Fig. 17. The eddy
viscosity for the Samuel-Joubert (SJ) flow is not very different
from the equilibrium model for a large part of the flowfield,
which implies that transport effects are not very important.
The large variation of a(x) for the other two cases shows that
the advection terms are important not only in compressible
flows, where strong variations occur through shock waves, but
also in the present incompressible applications.

Some final comments on the behavior of the k-u> model
follow. It is well known that the k-e model, from which the
AT-OJ model was derived, produces unacceptably high shear-
stress levels in adverse pressure gradient flows. This is usually
attributed to the e equation, and various modifications have
been proposed to improve matters.4'14 However, for a
boundary-layer flow outside the viscous sublayer, the equa-
tion for the turbulent shear-stress

-u'v' = c»— — = — —e oy w oy

can be rewritten to give

———— /Products
— « ' v ' = /——:——:"\ Dissipati a\k

(1)

(2)

For an equilibrium boundary layer, the ratio of production to
dissipation is close to one in the outer part of the layer, and
therefore -u'v' -a\k. For an adverse pressure gradient
flow this ratio can be significantly larger than one. Driver5 has
shown from his experimental data that for the CSO case it can
be as large as two. Since there is no indication that the ratio of
— u'y'/k increases to values higher than a\ = 0.3 under an
adverse pressure gradient (in fact it decreases), it is clear that
Eqs. (1) and (2) give values significantly too high for the
turbulent shear stress, even if the kinetic energy and the dissi-
pation rate are computed correctly. The previous argument is
also true for the k-u model and may explain the high values of
— u 'v '. .

All three flowfields have been recomputed with the follow-
ing restriction on the eddy viscosity:

(3)

with a\ = 0.3. The numerical predictions for all three cases
were improved considerably by this manipulation. Figures 18
and 19 show as an example the computed cp and - u 'v 'max
distributions, respectively, for the separated case in compari-
son with the original results. Equation (3) has not been suffi-
ciently tested to be recommended for general use (where du/dy
would have to be replaced by an invariant quantity, like the
absolute value of the vorticity), but it shows that the definition
vt = cMA:2/e (or vt = k/ui) is at least as large a source of errors
in adverse pressure gradient flows as the e (o>) equation.

Conclusions
The performance of four turbulence models has been tested

under adverse pressure gradient conditions. The investigation
covered the range from algebraic to two-equation eddy viscos-
ity models. The well-known adverse pressure gradient flow of
Samuel and Joubert as well as two recently reported flows of
Driver have been computed. The model equations were solved
together with the Reynolds-averaged Navier-Stokes equations.

The most obvious conclusion is that the three transport
models gave significantly better results than the algebraic BL
model did.

The JK model gave the best overall agreement with the
experiments. It predicts the turbulent shear stress and the
shape of the velocity profiles with the highest accuracy. In the
present version it has, however, a tendency to give somewhat
high maximum shear-stress levels.

The BB model predicted the displacement effects (and there-
fore the cp distributions) with good accuracy. However, the
model tends to predict incorrect profile shapes, both in the
wake and in the near-wall region. The wall shear-stress distri-
butions are similar to the ones produced by the BL model.

The k-u model gave more realistic velocity profiles but
consistently produced values that were too high for the turbu-
lent shear stress. All other differences with regard to the
experiments seem to be related to this single point. The source
of this shortcoming seems to be the constitutive relation for
the eddy viscosity, which does not account for the advection
of the shear stresses. A simple fix to the model improved the
results significantly.
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